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Abstract
Generic approximation of entire functions by their Pade´ approximants has been
achieved in the past ([3]). In the present article we obtain generic approximation
of holomorphic functions on arbitrary open sets by sequences of their Pade´ ap-
proximants. Similar results hold with functions smooth on the boundary of their
domain of definition. In addition, the approximation is valid simultaneously with
respect to all centers of expansion.
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1. Introduction
Every holomorphic function on a disc can be approximated by the partial sums
of its Taylor development. Furthermore, on any simply connected domain generically
all holomorphic functions are limits of some subsequence of their partial sums, in the
topology of uniform convergence on compacta ([12]).
The partial sums of Taylor expansions are trivial cases of Pade´ approximants, which
are rational functions in general. In [3] it is proven that generically every entire function
f is the limit of a sequence of its Pade´ approximants, [pn/qn]f , provided that pn →
1
+∞ and pn − qn → +∞. This answered positively Baker’s conjecture ([1]) for quasi
all entire functions.
In the present article we strengthen this result in the following ways. Firstly, we
show that alone the condition pn → +∞ is sufficient. Secondly, we extend this result in
any simply connected open set Ω ⊆ C. Finally, we obtain simultaneous approximations
by the Pade´ approximants [pn/qn]f,ζ with respect to any center of expansion ζ ∈ Ω;
see also [12], [15]. Next, we achieve the same results with functions smooth on the
boundary of Ω, f ∈ A∞(Ω), provided (C ∪∞)rΩ is connected ([11], [13]).
When we make approximations by using polynomials, the maximum principle leads
to compact sets with connected complement. However, Pade´ approximants have in
general poles. This allows us to approximate also on compact sets of arbitrary con-
nectivity. Thus, we obtain generic approximation of holomorphic functions f ∈ H(Ω),
defined on arbitrary open sets, by their Pade´ approximants [pn/qn]f . The condition
now is pn → +∞ and qn → +∞. Again the approximation is simultaneous with
respect to all centers. Lastly, we transfer the same results in the space A∞(Ω), as in
the previous case.
Another generic approximation which is well known, is universal approximation
outside the domain of definition. Universal Pade´ approximants have been introduced
in [5] and although our methods were inspired from the methods used in [5], they can
be applied to universal Pade´ approximants in order to give stronger and more complete
results. This will be done hopefully in the future, in another article.
Our method of proof is based on Baire’s Category theorem. Despite the fact that
the results may not appear so elementary or simple, the proofs are. For the role of
Baire’s theorem in Analysis we refer to [9] and [10]. Parts of the present article can be
found in [6], [7].
2. Preliminaries
Let f(z) =
∞∑
v=0
av(z − ζ)
v, av ∈ C, be a formal series, ζ ∈ C. A Pade´ approximant
[p/q]f,ζ of f , p, q ∈ {0, 1, 2, . . .}, is a rational function of the form
p∑
v=0
nv(z − ζ)
v
q∑
v=0
dv(z − ζ)
v
, d0 = 1.
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such that its Taylor series
∞∑
v=0
bv(z − ζ)
v coincides with
∞∑
v=0
av(z − ζ)
v up to the first
p + q + 1 terms; that is bv = av for v = 0, . . . , p + q ([2]). Thus, if f is a holomorphic
function in a neighborhood of ζ, we can define [p/q]f,ζ corresponding to the Taylor
development of f around ζ ∈ C.
We notice that in case q = 0 there exists always a unique Pade´ approximant of f
and [p/q]f,ζ(z) = Sp(z), where Sp(z) =
p∑
v=0
av(z− ζ)
v. For q ≥ 1 such rational function
does not always exist, neither it is unique, if it exists. However, it is true that there
exists a unique Pade´ approximant of f , [p/q]f,ζ , if and only if the following Hankel
determinant is not zero:
det
∣∣∣∣∣∣∣∣∣∣∣
ap−q+1 ap−q+2 · · · ap
ap−q+2 ap−q+3 · · · ap+1
...
...
...
ap ap+1 · · · ap+q−1
∣∣∣∣∣∣∣∣∣∣∣
6= 0, ai = 0, when i < 0. (∗)
Then we write f ∈ Dp,q(ζ). Under this condition [p/q]f,ζ is given by the Jacobi explicit
formula:
[p/q]f,ζ(z) =
det
∣∣∣∣∣∣∣∣∣∣∣
(z − ζ)qSp−q(z) (z − ζ)
q−1Sp−q+1(z) · · · Sp(z)
ap−q+1 ap−q+2 · · · ap+1
...
...
...
ap ap+1 · · · ap+q
∣∣∣∣∣∣∣∣∣∣∣
det
∣∣∣∣∣∣∣∣∣∣∣
(z − ζ)q (z − ζ)q−1 · · · 1
ap−q+1 ap−q+2 · · · ap+1
...
...
...
ap ap+1 · · · ap+q
∣∣∣∣∣∣∣∣∣∣∣
,
with Sk(z) =


k∑
v=0
av(z − ζ)
v, k ≥ 0
0, k < 0.
For ζ = 0 we write Dp,q instead of Dp,q(0)
and [p/q]f instead of [p/q]f,0.
Next we present a theorem without proof, concerning the Hankel determinant (∗)
of rational functions (see [2]).
Theorem 2.1. Let f = P
Q
be a rational function, where P,Q are polynomials, without
any common factors. If degP = λ, degQ = µ and f is holomorphic around ζ ∈ C, then
the following hold:
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i)f ∈ Dλ,µ(ζ), ii)f ∈ Dp,µ(ζ) for every p > λ, iii)f ∈ Dλ,q(ζ) for every q > µ and
iv) f 6∈ Dp,q(ζ), when p > λ and q > µ.
If Ω is an open set in C we denote by H(Ω) the space of holomorphic functions in
Ω endowed with the topology of uniform convergence on compacta. Hence, H(Ω) is a
Fre´chet space. Therefore, Baire’s Category theorem is at our disposal.
A holomorphic function f ∈ H(Ω) belongs to A∞(Ω) iff every derivative f (l), l =
0, 1, 2, . . ., extends continuously on Ω. We say that a sequence in A∞(Ω), (fm)m∈N
converges fm
A∞(Ω)
−→ f , if and only if f
(l)
m → f (l) uniformly on each compact subset of
Ω, ∀l. Thus, A∞(Ω) is also a Fre´chet space and so Baire’s theorem can be applied to
any closed subspace of A∞(Ω).
3. Simply connected open sets
Let Ω ⊆ C be a simply connected open set and K,L two compact subsets of Ω.
Also, let F ⊆ N × N that contains a sequence (p˜n, q˜n), n = 1, 2, . . . with p˜n → +∞.
We define the following subsets of H(Ω):
• U(Ω,F ,K,L) = {f ∈ H(Ω): there exists a sequence (pn, qn)n∈N in F such that
f ∈ Dpn,qn(ζ), for all ζ ∈ L, n ∈ N and sup
ζ∈L
sup
z∈K
∣∣[pn/qn]f,ζ(z) − f(z)∣∣ −→ 0, as
n → +∞}.
• E(Ω,K,L, s, (p, q)) = {g ∈ H(Ω) : g ∈ Dp,q(ζ) for all ζ ∈ L and sup
ζ∈L
sup
z∈K
∣∣[p/q]g,ζ(z)−
g(z)
∣∣ < 1/s}, where s = 1, 2, . . . and (p, q) ∈ F .
Remark 3.1. If g ∈ E(Ω,K,L, s, (p, q)) it follows that [p/q]g,ζ , ζ ∈ L, does not have
any poles in K. The same holds for [pn/qn]f,ζ , n ≥ n0 (for some n0 ∈ N), when
f ∈ U(Ω,F ,K,L).
Proposition 3.2. U(Ω,F ,K,L) =
∞⋂
s=1
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)).
Proof. It is standard and is omitted (see a similar proof in [14]). 
Proposition 3.3. The set E(Ω,K,L, s, (p, q)) is open in H(Ω).
Proof. Let g ∈ E(Ω,K,L, s, (p, q)). We consider another compact set T ⊆ Ω such that
K ∪L ⊆ T 0. Hence, there exists r > 0 such that for every ζ ∈ L it holds D(ζ, r) ⊆ T 0.
Observe that the Hankel determinant (∗) and the coefficients of the numerator and
the denominator of [p/q]f,ζ , depend polynomially on
g(v)(ζ)
v! , v = 0, 1, . . . , p + q and
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continuously with respect to ζ ∈ L. This implies that for every ε > 0 there exists δ˜ > 0
such that for every g˜ ∈ H(Ω) with
∣∣ g˜(v)(ζ)
v! −
g(v)(ζ)
v!
∣∣ < δ˜, v = 0, 1, . . . , p + q, ζ ∈ L, it
holds g˜ ∈ Dp,q(ζ) and ‖[p/q]g˜,ζ − [p/q]g,ζ‖K < ε, ∀ζ ∈ L.
If 0 < δ < min{rv · δ˜ | v = 0, 1, . . . , p + q} and ‖g˜ − g‖T < δ, then by Cauchy’s
estimates we obtain:∣∣∣∣ g˜
(v)(ζ)
v!
−
g(v)(ζ)
v!
∣∣∣∣ =
∣∣∣∣(g˜ − g)
(v)(ζ)
v!
∣∣∣∣ ≤
‖g˜ − g‖
D(ζ,r)
rv
≤
‖g˜ − g‖T
rv
<
δ
rv
< δ˜.
By choosing ε and δ properly we can achieve sup
ζ∈L
sup
z∈K
∣∣[p/q]g˜,ζ(z) − g˜(z)∣∣ < 1/s and
thus, g˜ ∈ E(Ω,K,L, s, (p, q)), which completes the proof. 
Proposition 3.4. The set
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)) is open and dense in H(Ω), for
all s ∈ N.
Proof. Proposition 3.3 implies that
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)) is open. According to
Runge’s theorem, the set of polynomials is dense in H(Ω), because Ω is a simply
connected open set. In order to show that
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)) is dense, let P
be a polynomial, ε > 0 and T ⊆ Ω a compact set. There exists (p, q) ∈ F such that
p > degP . We define g(z) = P (z) + dzp, d ∈ C r {0}. It holds ‖g(z) − P (z)‖T =
‖dzp‖T < ε, when 0 < |d| <
ε
‖z‖p
T
. Observe that for any ζ ∈ C the development of g
is a polynomial of degree p with d as leading coefficient. Therefore, one can easily see
that, if q ≥ 1, the corresponding Hankel determinant (∗) is equal to (−1)
q(q−1)
2 dq 6= 0.
Thus, g ∈ Dp,q(ζ) for all ζ ∈ L. Since the Pade´ approximant of g is uniquely defined,
it follows that [p/q]g,ζ(z) ≡ g(z), ζ ∈ L, and so sup
ζ∈L
sup
z∈K
∣∣[p/q]g,ζ(z) − g(z)∣∣ = 0 < 1/s.
The latter is also true in case q = 0. This implies g ∈
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)) and
the proof is complete. 
Proposition 3.5. Under the above assumptions and notation the set U(Ω,F ,K,L) is
Gδ and dense in H(Ω). [Hence, U(Ω,F ,K,L) 6= ∅.]
Proof. It suffices to combine Proposition 3.2 and Proposition 3.4 along with Baire’s
Category theorem. 
Let us consider now L to be a singleton L = {ζ0}. If we vary K in an exhaust-
ing family Km, m ∈ N, of compact subsets of Ω, then Baire’s theorem implies that
∞⋂
m=1
U(Ω,F ,Km, {ζ0}) is Gδ and dense in H(Ω). Hence, we get the following generic
result.
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Theorem 3.6. Under the above assumptions and notation there exists a function
f ∈ H(Ω) with the following property: ”there exists a sequence (pn, qn) ∈ F , n =
1, 2 . . ., such that f ∈ Dpn,qn(ζ0) for all n and for every compact set K ⊆ Ω it holds
sup
z∈K
∣∣[pn/qn]f,ζ0(z) − f(z)∣∣ −→ 0, as n → +∞”. Furthermore, the set of such
functions is a Gδ and dense subset of H(Ω).
Next we consider K = L and vary it in an exhausting sequence Km, m ∈ N, of
compact subsets of Ω. By combining Proposition 3.5 with Baire’s theorem we obtain
the following generic property of holomorphic functions f ∈ H(Ω).
Theorem 3.7. Let Ω be a simply connected open set and F ⊆ N × N containing a
sequence (p˜n, q˜n) ∈ F , n = 1, 2, . . ., with p˜n → +∞. There exists a holomorphic
function f ∈ H(Ω) with the following property: ”there exists a sequence (pn, qn) ∈ F ,
n = 1, 2, . . ., such that for every compact set K ⊆ Ω, there is an n(K) ∈ N so that
f ∈ Dpn,qn(ζ) for all n ≥ n(K), ζ ∈ L and sup
ζ∈K
sup
z∈K
∣∣[pn/qn]f,ζ(z) − f(z)∣∣ −→ 0, as
n → +∞”. The set of such functions f ∈ H(Ω) is a Gδ and dense subset of H(Ω)
endowed with the topology of uniform convergence on compacta.
Remark 3.8. Theorems 3.6, 3.7 strengthen and simplify the proof of Theorem 1 in
[3] and also of a corollary of Theorem 5.1 in [5].
4. Smooth functions on some simply connected open sets
Let Ω ⊆ C be an open set such that (C ∪∞) r Ω is connected; see also [11]. We
denote H(Ω) the set of holomorphic functions on some varying open set containing Ω.
LetX∞ denote the closure ofH(Ω) in A∞(Ω). We do not know whetherX∞ = A∞(Ω).
A sufficient condition in order for X∞ and A∞(Ω) to coincide can be found in [13].
The condition states that there exists M < ∞, so that any two points in Ω can be
joined in Ω by a curve Γ of length |Γ | ≤M .
Lemma 4.1. The set of polynomials is dense in X∞.
Proof. Let f ∈ H(Ω), T a compact subset of Ω, ε > 0 and N ∈ N. There exists U ⊆ C
open such that f ∈ H(U) and Ω ⊆ U . Also, there isM > 0 such that T ⊆ Ω∩D(0,M).
Observe that (C ∪∞)r (Ω ∩D(0,M)) is connected.
• It is true that we can find V ⊆ C open, such that Ω ∩ D(0,M) ⊆ V ⊆ U and
(C∪∞)r V connected (equivalently V is a simply connected open set) ([8], [4]).
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By Runge’s theorem there exists a sequence of polynomials (Pm)m∈N, such that
Pm → f uniformly on each compact subset of V . Weierstrass theorem implies that
P
(ℓ)
m → f (ℓ) uniformly on T ⊆ V , for every ℓ. Hence, there exists m0 ∈ N such that
‖P (ℓ)m0 − f
(ℓ)‖T < ε, for all 0 ≤ ℓ ≤ N . This completes the proof. 
Let F ⊆ N×N be a subset containing a sequence (p˜n, q˜n), n ∈ N with p˜n → +∞.
Also, let K and L two compact subsets of Ω. We define the following subsets of X∞:
• B(Ω,F ,K,L) = {f ∈ X∞: there exists a sequence (pn, qn) ∈ F , n = 1, 2, . . . such
that f ∈ Dpn,qn(ζ) for all ζ ∈ L, n ∈ N and sup
ζ∈L
sup
z∈K
∣∣[pn/qn](ℓ)f,ζ(z)−f (ℓ)(z)∣∣ −→ 0,
as n → +∞, for every ℓ = 0, 1, . . . }.
• E∞(Ω,K,L, s, (p, q)) = {g ∈ X∞: g ∈ Dp,q(ζ) for all ζ ∈ L and sup
ζ∈L
sup
z∈K
∣∣[p/q](ℓ)g,ζ(z)−
g(ℓ)(z)
∣∣ < 1/s, for every ℓ = 0, 1, . . . , s}, where s = 1, 2, . . . and (p, q) ∈ F .
We notice that when ζ ∈ bd(Ω), then [p/q]f,ζ is the Pade´ approximant of the series
∞∑
v=0
f (v)(ζ)
v!
(z − ζ)v, where f (v)(ζ) is defined by continuity of the derivatives of f in Ω.
Proposition 4.2. B(Ω,F ,K,L) =
∞⋂
s=1
⋃
(p,q)∈F
E∞(Ω,K,L, s, (p, q)).
Proof. It is standard and is omitted (see [14]). 
Proposition 4.3. E∞(Ω,K,L, s, (p, q)) is open in X∞.
Proof. Let g ∈ E∞(Ω,K,L, s, (p, q)). Observe that the Hankel determinant (∗) and
the coefficients of the numerator and the denominator of [p/q]
(ℓ)
f,ζ , depend polynomially
on g
(v)(ζ)
v! , v = 0, 1, . . . , p + q, for every ℓ = 0, 1, . . ., and continuously with respect to
ζ ∈ L. This implies that for every ε > 0 there exists δ˜ > 0 such that for every function
g˜ ∈ X∞ with
∣∣ g˜(v)(ζ)
v! −
g(v)(ζ)
v!
∣∣ < δ˜, v = 0, 1, . . . , p + q, ζ ∈ L, it holds g˜ ∈ Dp,q(ζ) and∥∥[p/q](ℓ)
g˜,ζ
(z) − [p/q]
(ℓ)
g,ζ(z)
∥∥
K
< ε, for all ζ ∈ L and ℓ = 0, 1, . . . , s.
We consider T a compact subset of Ω such thatK∪L ⊆ T . If 0 < δ < min{rv ·δ˜ | v =
0, 1, . . . , p + q}, then for every function g˜ ∈ X∞ satisfying ‖g˜(ℓ) − g(ℓ)‖T < δ, for all
0 ≤ ℓ ≤ max{p+ q, s}, it holds
∣∣∣∣ g˜
(v)(ζ)
v!
−
g(v)(ζ)
v!
∣∣∣∣ =
∣∣g˜(v)(ζ)− g(v)(ζ)∣∣
v!
≤
‖g˜(v) − g(v)‖L
v!
≤
‖g˜(v) − g(v)‖T
v!
<
δ
v!
< δ˜.
By choosing ε and δ properly we obtain sup
ζ∈L
sup
z∈K
∣∣[p/q](ℓ)
g˜,ζ
(z) − g˜(ℓ)(z)
∣∣ < 1/s, for every
ℓ = 0, 1, . . . , s and thus, g˜ ∈ E∞(Ω,K,L, s, (p, q)), which completes the proof. 
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Proposition 4.4. The set
⋃
(p,q)∈F
E∞(Ω,K,L, s, (p, q)) is open and dense in X∞.
Proof. By Proposition 4.3 this union is open in X∞. According to Lemma 4.1, poly-
nomials are dense in X∞. Let P be a polynomial, T a compact subset of Ω, N ∈ N
and ε > 0. There exists (p, q) ∈ F such that p > degP . We define g(z) = P (z) + dzp,
d ∈ C r {0}. It is clear that g ∈ X∞ and ‖g(ℓ)(z) − P (ℓ)(z)‖T = |d| · ‖(z
p)(ℓ)‖T < ε,
for all ℓ = 0, 1, . . . , N , when 0 < |d| < ε
max0≤ℓ≤N ‖(zp)(ℓ)‖T
. By developing g around
ζ ∈ C, we can easily see that, if q ≥ 1, the corresponding Hankel determinant
(∗) is independent of ζ and equal to (−1)
q(q−1)
2 · dq 6= 0. Thus, g ∈ Dp,q(ζ) and
[p/q]g,ζ(z) ≡ g(z) for all ζ ∈ L. The latter also holds in case q = 0. Hence,
it follows that sup
ζ∈L
sup
z∈K
∣∣[p/q](ℓ)g,ζ(z) − g(ℓ)(z)∣∣ = 0 < 1/s, for every l = 0, . . . , s and
g ∈
⋃
(p,q)∈F
E∞(Ω,K,L, s, (p, q)), which completes the proof. 
Proposition 4.5. Under the above assumptions and notation B(Ω,F ,K,L) is Gδ and
dense in X∞. [Hence, B(Ω,F ,K,L) 6= ∅.]
Proof. The proof follows immediately, if we combine Proposition 4.2 and Proposition
4.4 along with Baire’s Category theorem. 
Let L = {ζ0}, ζ0 ∈ Ω and let K vary in the sequence Km = Ω ∩D(o,m), m ∈ N.
Then Proposition 4.5 with Baire’s theorem implies that
∞⋂
m=1
B(Ω,F ,Km, {ζ0}) is Gδ
and dense in X∞. This yields the following generic result.
Theorem 4.6. Under the above assumptions and notation there exists a function f ∈
A∞(Ω) and a sequence (pn, qn) ∈ F , n = 1, 2, . . ., such that for every compact set
K ⊆ Ω the following hold: ”f ∈ Dpn,qn(ζ0) for all n = 1, 2, . . . and sup
z∈K
∣∣[p/q](ℓ)f,ζ0(z) −
f (ℓ)(z)
∣∣ −→ 0, as n → +∞, for every ℓ”. Moreover, the set of such functions is Gδ
and dense in X∞, the closure of polynomials in A∞(Ω).
Next, we let K = L and vary it in the sequence Km = Ω ∩D(0,m), m ∈ N. Baire’s
theorem together with Proposition 4.5 implies that
∞⋂
m=1
B(Ω,F ,Km,Km) is Gδ and
dense in X∞. The latter is expressed in the following.
Theorem 4.7. Generically every function f ∈ X∞ has the following property: ”there
exists a sequence (pn, qn)n∈N ∈ F such that for every compact set K ⊆ Ω there is
an n(K) ∈ N so that for every n ≥ n(K) it holds f ∈ Dpn,qn(ζ) for all ζ ∈ K and
sup
ζ∈K
sup
z∈K
∣∣[p/q](ℓ)f,ζ(z)− f (ℓ)(z)∣∣ −→ 0, as n → +∞, for every ℓ”.
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5. Arbitrary open sets
Let Ω ⊆ C be an arbitrary open set and let K,L be two compact subsets of Ω. Also,
let F ⊆ N × N which contains a sequence (p˜n, q˜n) ∈ F , n ∈ N, such that p˜n → +∞
and q˜n → +∞, as n → +∞. We define the following subsets of H(Ω):
• U(Ω,F ,K,L) = {f ∈ H(Ω): there exists a sequence (pn, qn)n∈N in F such that
f ∈ Dpn,qn(ζ) for all n ∈ N, ζ ∈ L and sup
ζ∈L
sup
z∈K
∣∣[pn/qn]f,ζ(z) − f(z)∣∣ −→ 0, as
n → +∞}.
• E(Ω,K,L, s, (p, q)) = {g ∈ H(Ω) : g ∈ Dp,q(ζ) for all ζ ∈ L and sup
ζ∈L
sup
z∈K
∣∣[p/q]g,ζ(z)−
g(z)
∣∣ < 1/s}, where s = 1, 2, . . . and (p, q) ∈ F .
Proposition 5.1. U(Ω,F ,K,L) =
∞⋂
s=1
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)).
Proposition 5.2. The set E(Ω,K,L, s, (p, q)) is open in H(Ω).
Proof. The proof is the same with that of Proposition 3.3 and is omitted. 
Proposition 5.3. The set
⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)) is open and dense in H(Ω), for
all s ∈ N.
Proof. Proposition 5.2 implies that this union is open. According to Runge’s theorem,
the rational functions with poles off Ω are dense in H(Ω). In order to show that⋃
(p,q)∈F
E(Ω,K,L, s, (p, q)) is dense, let R = A
B
be a rational function without poles in
Ω, where A,B are polynomials without any common factors. Also, let ε > 0 and T ⊆ Ω
a compact set.
• There exists (p, q) ∈ F such that p > degA and q > degB.
We define g(z) = A(z)+dz
p
B(z) , where d ∈ Cr{0}. It holds infz∈T
|B(z)| > 0, because R has no
poles in Ω. Hence, we have ‖g(z)−R(z)‖T =
∥∥ dzp
B(z)
∥∥
T
< ε, when 0 < |d| < ε·infT |B(z)|
‖z‖p
T
.
Furthermore, we can choose d ∈ Cr{0} satisfying the above so that g is irreducible.
This can be achieved if d 6= −A(ρi)
ρ
p
i
, i = 1, . . . , τ , where ρi are the zeros of B. We notice
that if ρi0 = 0, i0 ∈ {1, . . . , τ}, then A(ρi0) 6= 0 or A and B would have had a common
factor. Thus, according to Theorem 2.1 we have g ∈ Dp,q(ζ), for all ζ ∈ L, since
p = deg(A(z)+dzp) and q > degB(z). It follows that [p/q]g,ζ ≡ g, for every ζ ∈ L and so
sup
ζ∈L
sup
z∈K
∣∣[p/q]g,ζ(z)− g(z)∣∣ = 0 < 1/s. This implies that g ∈ ⋃
(p,q)∈F
E(Ω,K,L, s, (p, q))
and the proof is complete. 
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Proposition 5.4. Under the above assumptions and notation the set U(Ω,F ,K,L) is
Gδ and dense in H(Ω). [Hence, U(Ω,F ,K,L) 6= ∅.]
Proof. It suffices to combine Proposition 5.1 and Proposition 5.3 along with Baire’s
Category theorem. 
Special choices of K and L combined with Proposition 5.4 and Baire’s theorem yield
the following generic results.
Theorem 5.5. Under the above assumptions and notation, let ζ0 ∈ Ω. Then there
exists f ∈ H(Ω) with the following property: ”there exists a sequence (pn, qn)n∈N
in F such that f ∈ Dpn,qn(ζ0), ∀n ∈ N and for every compact set K ⊆ Ω it holds
sup
z∈K
∣∣[pn/qn]f,ζ0(z) − f(z)∣∣ −→ 0, as n → +∞”. In addition, the set of such
functions is a Gδ and dense subset of H(Ω).
Theorem 5.6. Let Ω ⊆ C be an arbitrary open set and F ⊆ N×N containing a sequence
(p˜n, q˜n) ∈ F , n = 1, 2, . . . with p˜n → +∞ and q˜n → +∞, as n → +∞. Then
there exists a holomorphic function f ∈ H(Ω) so that the following hold: ”there exists a
sequence (pn, qn)n∈N in F such that for every K ⊆ Ω compact, there is an n(K) ∈ N so
that f ∈ Dpn,qn(ζ) for all n ≥ n(K), ζ ∈ K and sup
ζ∈K
sup
z∈K
∣∣[pn/qn]f,ζ(z) − f(z)∣∣ −→ 0,
as n → +∞”. Further, the set of such functions f ∈ H(Ω) is Gδ and dense in H(Ω)
endowed with the topology of uniform convergence on compacta.
6. Smooth functions on arbitrary open sets
Let Ω ⊆ C be an open set. We denote by H(Ω) the set of holomorphic functions on
some varying open set containing Ω. Let X∞ denote the closure of H(Ω) in A∞(Ω).
By Runge’s theorem the rational functions with poles off Ω are dense in X∞.
Let F ⊆ N×N which contains a sequence (p˜n, q˜n) ∈ F , n = 1, 2, . . . with p˜n → +∞
and q˜n → +∞, as n → +∞. Also, let K and L be two compact subsets of Ω. We
define the following subsets of X∞:
• B(Ω,F ,K,L) = {f ∈ X∞: there exists a sequence (pn, qn) ∈ F , n = 1, 2, . . . such
that f ∈ Dpn,qn(ζ) for all ζ ∈ L, n ∈ N and sup
ζ∈L
sup
z∈K
∣∣[pn/qn](ℓ)f,ζ(z)−f (ℓ)(z)∣∣ −→ 0,
as n → +∞, for every ℓ = 0, 1, . . . }.
• E∞(Ω,K,L, s, (p, q)) = {g ∈ X∞: g ∈ Dp,q(ζ) for all ζ ∈ L and sup
ζ∈L
sup
z∈K
∣∣[p/q](ℓ)g,ζ(z)−
g(ℓ)(z)
∣∣ < 1/s, for every ℓ = 0, 1, . . . , s}, where s = 1, 2, . . . and (p, q) ∈ F .
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We notice that when ζ ∈ bd(Ω), then [p/q]f,ζ is the Pade´ approximant of the series
∞∑
v=0
f (v)(ζ)
v!
(z − ζ)v, where f (v)(ζ) is defined by continuity.
Proposition 6.1. B(Ω,F ,K,L) =
∞⋂
s=1
⋃
(p,q)∈F
E∞(Ω,K,L, s, (p, q)).
Proposition 6.2. E∞(Ω,K,L, s, (p, q)) is open in X∞.
Proof. It is similar to the proof of Proposition 4.3. 
Proposition 6.3. The set
⋃
(p,q)∈F
E∞(Ω,K,L, s, (p, q)) is open and dense in X∞.
Proof. By Proposition 6.2 this union is open in X∞. Let R = A
B
be a rational function
with poles offΩ, whereA,B are polynomials without any common factors. Hence, there
exists an open set U ⊇ Ω such that R ∈ H(U). Also, let T be a compact subset of Ω,
N ∈ N and ε > 0.
• There exists (p, q) ∈ F such that p > degA and q > degB.
We define gm(z) =
A(z)+dmzp
B(z) ∈ X
∞, where dm ∈ Cr {0}, m ∈ N. If ρ1, . . . , ρτ are the
zeros of B, then we consider dm 6=
A(ρi)
ρ
p
i
, for all i = 1, . . . , τ , ∀m ∈ N.
Thus, if we let dm → 0, as m → +∞, then gm → R uniformly on each
compact subset of U . By Weierstrass’ theorem we have g
(ℓ)
m → R(ℓ) uniformly on T ,
for every ℓ. It follows that there exists m0 ∈ N such that ‖g
(ℓ)
m0(z) −R
(ℓ)(z)‖T < ε, for
all ℓ = 0, . . . , N .
Observe that gm0 is irreducible. According to Theorem 2.1, it holds gm0 ∈ Dp,q(ζ),
for all ζ ∈ L, since p = deg(A(z)+dm0z
p) and q > degB(z). It follows that [p/q]gm0 ,ζ ≡
gm0 , for all ζ ∈ L and sup
ζ∈L
sup
z∈K
∣∣[p/q](ℓ)gm0 ,ζ(z)− g(ℓ)m0(z)
∣∣ = 0 < 1/s, for all ℓ = 0, 1, . . . , s.
Hence, g ∈
⋃
(p,q)∈F
E∞(Ω,K,L, s, (p, q)) which completes the proof. 
Proposition 6.4. Under the above assumptions and notation B(Ω,F ,K,L) is Gδ and
dense in X∞. [Hence, B(Ω,F ,K,L) 6= ∅.]
Proof. The proof follows by combining Propositions 6.1, 6.3 with Baire’s Category
theorem. 
By varying K,L and applying Baire’s theorem, we obtain the following.
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Theorem 6.5. Under the above assumptions and notation, let ζ0 ∈ Ω. Then there
exists a function f ∈ A∞(Ω) and a sequence (pn, qn) ∈ F , n = 1, 2, . . ., such that for
every compact set K ⊆ Ω the following hold: ”f ∈ Dpn,qn(ζ0) for all n = 1, 2 . . . and
sup
z∈K
∣∣[p/q](ℓ)f,ζ0(z) − f (ℓ)(z)
∣∣ −→ 0, as n → +∞, for every ℓ”. Moreover, the set of
such functions is Gδ and dense in X
∞.
Theorem 6.6. Let Ω ⊆ C be an open set. Also, let F ⊆ N× N containing a sequence
(p˜n, q˜n)n∈N with p˜n → +∞ and q˜n → +∞, as n → +∞. There exists a function
f ∈ A∞(Ω) with the following property: ”there exists a sequence (pn, qn)n∈N ⊆ F ,
such that for every compact set K, there is an n(K) ∈ N so that for all n ≥ n(K) it
holds f ∈ Dpn,qn(ζ), for every ζ ∈ K and sup
ζ∈K
sup
z∈K
∣∣[pn/qn](ℓ)f,ζ(z) − f (ℓ)(z)∣∣ −→ 0, as
n → +∞, for every ℓ”. The set of such functions is Gδ and dense in X
∞.
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